The overstability of the fundamental radial mode in M dwarf models was theoretically predicted by Rodríguez-López et al. (2012) . The periods were found to be in the ranges ∼25-40 min and ∼4-8 h, depending on stellar age and excitation mechanism. We have extended our initial M dwarf model grid in mass, metallicity, and mixing length parameter. We have also considered models with boundary conditions from PHOENIX NextGen atmospheres to test their influence on the pulsation spectra. We find instability of non-radial modes with radial orders up to k=3, degree ℓ=0-3, including p and g modes, with the period range extending from 20 min up to 11 h. Furthermore, we find theoretical evidence of the potential of M dwarfs as solar-like oscillators.
INTRODUCTION
The observational discovery of the first pulsating M dwarf would be a breakthrough in the understanding of the inner structure of the largest population of stars in our Galaxy. The precise measurement of the mass, radius, mean density, size of the convection zone or age, obtained from asteroseismic analysis could also help to address other problems, such as providing constraints for stellar dynamo models (García et al. 2010 ) and calibrating statistical age-dating methods such as lithium depletion or stellar spin-down.
So far, observational searches for pulsations in M dwarfs have not been fruitful. The ground base photometric exploration of 120 M dwarfs gathered in Baran et al. (2011b) , Krzesinski et al. (2012) and Baran et al. (2013) attained a precision of about 1 part per thousand with null detections, suggesting that if pulsations are driven and propagate to the surface of the star, their amplitudes may be very low. Baran et al. (2011a) also explored six M dwarfs observed with the Kepler spacecraft (Borucki et al. 2010 ) in short cadence (sampling time ∼1 min) again with null results, this time with a detection limit of the order of parts per million. We analysed with Fourier techniques 5 Kepler M dwarfs with short cadence data from Kepler Guest Observer programCycle 3 "Pulsations and oversized M dwarfs" P.I: J. Gizis) attaining detection limits of ppm and finding no significant oscillations. Although not statistically significant given the ⋆ E-mail:
crl@iaa.es (CRL); jimmacd@udel.edu (JM); pja@iaa.csic.es (PJA); amoya@cab.inta-csic.es (AM); mullan@bartol.udel.edu (DM) small sample, these results reinforce the conclusion that if pulsations are to be found, at least precisions of 1 ppm have to be attained. Rodríguez-López et al. (2012) (RLMM12) provided the first non-radial, non-adiabatic instability study of 0.10-0.50 M⊙ M dwarf models and predicted the excitation of radial modes with periods in ranges of ∼25-40 min and ∼4-8 h depending on the mass and evolutionary stage. The oscillations were sustained by an epsilon mechanism caused by deuterium (D) or He 3 burning for the completely convective models, and by periodic flux blocking at the base of the outer convective envelope for the more massive, partially convective models.
We present here an extension of the work began by RLMM12 by enlarging the original model grid in mass and mass step, mixing length parameter, metallicity and the use of model atmosphere boundary conditions, to test the influence of these parameters on the frequency spectra.
Furthermore, given that M dwarfs are either completely convective or have a large convective envelope, we carry out a theoretical exercise that unveils the potential of M dwarfs to show stochastic oscillations.
The paper is organised as follows: Section 2 describes the model grids built for this study; Section 3 deals with the pulsation analysis; Section 4 discusses the potential of M dwarfs as solar-like oscillators and finally Section 5 presents the discussion and conclusions. (Hauschildt et al. 1999; Allard et al. 2000) to determine the outer bcs. Specifically, we use the temperature and pressure at optical depth 100 in the atmosphere models, for given effective temperature (T ef f ), surface gravity (log g) and composition. Since these atmosphere models use mixing length ratio, α = 1, we have used α = 1 in the interior for these models. These grids including NextGen atmospheres differ in metallicity; specifically, we set [Fe/H] = 0, -0.5 and -1. For the four other model grids, the outer bcs are the temperature and pressure at optical depth 0.1 as determined by the Eddington approximation. This set of four grids has solar metallicity but a different value for α, specifically from 0.5 to 2.0 in steps of 0.5. For the masses considered here, our models are either fully convective or have deep surface convection zones, which allows us to ignore the effects of element diffusion and gravitational settling. For simplicity, we also ignore the effects of magnetic fields. The model grid characteristics are given in Table 1. For each model grid, models with masses in the range 0.10 to 0.60 M⊙ in increments of 0.05 M⊙ spanning 12 000 Myr were calculated. Models are built from the contraction phase and are allowed to evolve up to the age of the Universe, except for the 0.10 M⊙ sequence which terminates when the model structure leaves the OPAL equation of state grid. As H burning in M dwarfs proceeds slowly, the models are practically unevolved once they arrive on the main sequence and remain there for the rest of their evolution.
Models from 0.10 to 0.25 M⊙ are totally convective, while the 0.30 M⊙ models already show radiative zones for certain ages. All models on the main sequence with 0.35 M⊙ and higher are partially convective, showing an outer convective envelope and an inner radiative zone. The parameter space in T ef f , log g, luminosity (L) and age covered by the whole set of grids and masses is given in Figure 1 . Models in red are found to be unstable. Figure 2 shows how for a given age, exemplified for 2 000 Myr models, and mass, increasing the α parameter increases the effective temperature of the model, producing models with lower radii, and as a result, higher log g values. This effect is larger for the higher mass partially convective models, and for values of the ML parameter up to α=1.5. As an example, for the 0.60 M⊙ models, ∆T ef f ≃400 K between α=0.5 and α=1.5, but because of saturation of the efficiency of convective energy transfer, ∆T ef f is only ≃50 K between α=1.5 and α=2.0.
From inspection of the atmosphere bcs models, we see an increase in T ef f and log g with decreasing [Fe/H] at a given α, age and mass. The T ef f increase is larger for higher masses, going from ∆T ef f ≃350 K for the 0.15 M⊙ models to ∆T ef f ≃750 K for the 0.60 M⊙ models with [Fe/H]=0.0 and -1.0. This behaviour is a consequence of the lower mass models having denser atmospheres than the higher mass models, which leads to the convective efficiency being closer to saturation in the lower mass models, for the same value of α and [Fe/H]. In addition, reducing [Fe/H] also leads to denser atmospheres and greater convective efficiency. Thus the differential effect of reducing [Fe/H] on T ef f is larger for the higher mass stars.
We also see that the atmosphere bcs models have lower T ef f and log g than the Eddington bcs models with the same [Fe/H] and ML parameter ([Fe/H]=0 and α=1 for grids 2 and 5 -green and magenta tracks-). The decrease in T ef f is about ∆T ef f ≃100 K for the whole mass range. Figure 3 shows the mass dependence of the position of the base of the convective envelope (CE) for 2 000Myr partially convective models. At this age the stars are slowly evolving on the Main Sequence and the results shown in Fig. 3 can be considered representative for all of the Main Sequence. Increasing α yields larger, i.e. deeper, convective envelopes, while decreasing the metallicity or use of atmosphere bcs (magenta grid compared to the green one) yields shallower CEs.
PULSATION ANALYSIS
The pulsational instabilities were calculated with the GRACO non-radial, non-adiabatic pulsation code (Moya & Garrido 2008; Moya et al. 2004) . We explored modes with degree ℓ=0 to ℓ=3 and frequencies from 20 µHz to the acoustic cut-off frequency of the model, which may be as high as 40 000 µHz. The code has the possibility of including the convection-pulsation interaction through the time dependent convection (TDC) formulation ). However, as pulsation periods were found to be much shorter than the local convective time scale, the TDC implementation is not needed and the frozen convection approximation that we use is justified.
The work integral (W ) and work derivative (dW ) evaluated throughout the star give the contribution of every layer to the energy balance of a mode. Careful analysis of these quantities shows that, for some modes, there is a large contribution from the very outer layers, less than 0.1% in fractional radius, that outnumbers any other driving or damping region within the star. When this happens the growth rate, η = W/ R 0 |dW/dr|dr (Stellingwerf 1978) , is highly dependent on the choice of the outer bcs, as it is dominated by the numerical noise of the outer layers.
To get rid of artificially excited modes, the models were subjected to the pulsation analysis with two different bcs: the outer mechanical condition described in Unno et al. (1989) for a finite pressure at the outermost layer and δP = 0. If the model is to be excited, the growth rate should be independent of the chosen pulsational bcs. As will be seen below, it was found that the grid with α=0.5 and the atmosphere bcs grids were especially sensitive to the choice of pulsational bcs. This is due to the higher density of the very outer layers, which then have a higher weight in the energy balance of the modes. This dependence of the α=0.5 and the atmosphere bcs grids on the bcs gives rise to all modes being artificially excited for certain masses.
In the following sections we analyse the results of the pulsation analysis for the mass ranges with different convection zone behaviours.
3.1 Fully convective models: 0.10-0.25 M⊙ models A summary of the outcome of the pulsation analysis for the fully convective models is given in Table A1 . Each column shows for the different grids, the periods, e-folding times, ages, excitation mechanism and the degree and radial order of the excited modes.
Only the fundamental mode (ℓ=0, k=0), which has large amplitude in the core and overcomes the damping of external regions, is excited due to the driving produced by the ǫ mechanism associated with D or He 3 burning. The e-folding time, τ f old , defined as the inverse of the absolute imaginary part of the eigenfrequency, gives the time needed to increase the initial amplitude of the mode by a factor of e. As the amplitude of the mode is an unknown in linear oscillation codes, such as the one used here, the e-folding time yields an estimate of the observability of the mode. Accordingly, the shorter the τ f old compared with the age of the excited model, the higher the probability of the mode to be detected, as it allows more time for the amplitude to grow.
The models excited by D burning are very young, still in the contraction phase, with periods in the 4 to 9 h range. Their τ f old values are of the order of or larger than the age of the models, meaning that modes are not favoured for detection unless their initial (unknown) amplitudes are large. The models excited by He 3 burning are already on the main sequence and show much shorter periods, in the 20-30 min range, and have much more favourable τ f old values for the modes to develop observable amplitudes.
As explained above, the α=0.5 and atmosphere bcs grids not listed were subject to large numerical noise in the outer layers that only produced artificially excited modes.
Transition to partially convective models: 0.30 M⊙ models
The summary of the pulsation analysis of what we call transition models is given in Table A2 . The 50-100 Myr 0.30 M⊙ models have an inner radiative zone and due to the large convective time scale at the tachocline, the convective flux cannot promptly adjust to transport the radiative flux coming from below. This periodic flux blocking at the base of the convective envelope effectively drives the oscillations of the 100 Myr models, just about to enter the main sequence, and justifies the frozen convection approximation used in the oscillation code.
Models still show instabilities caused by the D burning at age 1 Myr, which yields periods of 10 h, and by He 3 burning on the main sequence. Modes unstable due to He 3 burning and flux blocking mechanisms have periods in the 30-35 min range. Again, as for the lower mass models, only the fundamental radial mode is excited and driving based on D or flux blocking may not be efficient due to the long e-folding times compared to the age of the models. The summary of the pulsation analysis for the partially convective models is given in Table A3 . We point out that the e-folding times given are for the fundamental radial mode, which are longer than those of the ℓ=2, k=0 modes, especially for the younger models, where it is more restrictive, but we prefer to be conservative. The flux blocking mechanism, described in the previous section, excites models as young as 20 Myr and all along the evolutionary track. The fundamental (k=0) radial and nonradial modes (ℓ=0 -3) are excited as well as the k=1,2 (ℓ=1 -3) pressure modes, labeled p1,p2 in the table. Periods lie mostly in the 20-60 min range, except for the younger models, less likely to be observed due to τ f old values comparable to the age of the model, in which periods cover the 1-2 h range.
Gravity modes with ℓ=1, 2 and k=-1, -2, -3, labeled g1, g2, g3 in the table, are excited with periods in the 1-3 h range. Driving is due to a combination of the He 3 burning ǫ mechanism and the flux blocking mechanism, with the latter usually prevailing to excite the mode just by itself.
The D burning ǫ mechanism is responsible for driving only for the α=0.5, 1 Myr models, yielding excited periods of 11 h, although with a low probability of being excited due to long e-folding times.
The failure to excite modes of the 0.50 to 0.60 M⊙ atmosphere bcs models is due to their sensitivity to the outer pulsational bcs. Figure 4 shows the whole range of excited periods for each grid. Although grid dependent, the 20-500 minute range appears to be covered by some excited model. Table 2 is a summary of the pulsation analysis sorted by the pulsation period, intended to be useful for prospective observers in search of M dwarf pulsations. It segregates the excited models by pulsation period and gives details about the corresponding mass ranges and excitation mechanism. Table 2 . Summary of pulsation analysis sorted by pulsation period. The last column gives information on the likelihood of the observability of a mode: when the e-folding time is shorter than the age of the model, the observational detection of pulsations is more likely. This is true for models older than 50 Myr. See the text for details. Figure 5 shows the evolutionary tracks of bracketing 0.10 and 0.60M⊙ models corresponding to each grid. All other evolutionary tracks for 0.15 to 0.55M⊙ are contained within the plotted ones and are not shown for clarity. The excited models are plotted with black open circles and delimit two islands of instability within the following ranges: log g = [3.1,3.6], T ef f =[2800,3500] whose boundaries are set by the short lifetimes of D burning; and log g =[4.5,5.1], T ef f =[3300,4300] for the models excited by the He 3 burning ǫ and flux blocking mechanisms. The onset of the instability is produced once the flux-blocking mechanism is strong enough to overcome the damping of the inner layers of the star. Figure 6 shows the dependence of the period of the fundamental radial mode (ℓ=0, k=0) for the 0.20 to 0.60M⊙ of 2 000 Myr models with the fundamental parameters: T ef f , log L/L⊙, log g, radius, size of the convective envelope and mean density of the models. This is shown for all grids (each colour corresponds to a different grid, see Table 1 ), i.e. we can see the effect of changing α, metallicity and outer bcs on the periods:
The instability strip
• the "vertical" colour sequences (each coloured dot corresponds to a different grid) in the upper left plot are mass sequences, starting with the 0.20M⊙ models with about 23 min periods and going up to the 0.60M⊙ models within the 43-49 min range period. Thus knowledge of the period could provide an independent measure of the total mass of the model. We recall here that grids varying with α from 0.5-2.0 correspond to red, green, blue and orange dots, so, as we saw in Figure 2 , increasing α increases the T ef f of the model and a decrease in period is produced. Decreasing [Fe/H] (magenta, cyan and violet dots) works in the same way, while use of atmosphere bcs (magenta to green model) has the opposite effect.
Having periods measured with a precision of a second, and also having an accurate spectroscopic determination of the T ef f may enable observers to choose between the different grids, advancing our knowledge of the ad-hoc α parameter and yielding an independent determination of [Fe/H].
• from the upper middle plot we see that there is a grid dependent period-luminosity relation. As an example, we have fitted 1 to 3 degree polynomials to the solar metallicity, α=1 grid results (green dots). The black line shows the best cubic fit: log L/L⊙ = −4.62517 + 0.177995P − 0.00434748P 2 +4.74567 10 −5 P 3 where P stands for the period in minutes. The period increases with increasing luminosity and an independent determination of the mass can again be obtained from the period.
• the line in the upper right panel is the best quadratic fit to log g: log g = 5.18522 + 0.00102656P − 0.000260110P 2 This is grid independent, so knowledge of the period automatically gives an independent measure of log g that can be further compared to spectroscopic determinations. We again note that increasing α increases log g.
• the line in the lower left panel shows the best quadratic fit to the radius: R/R⊙ = 0.168510 − 0.00449263P + 0.000295172P 2 so, again the period gives an independent and direct measure of the radius. This may be extremely useful in unravelling the long standing problem of the discrepancies between observed and theoretically predicted M dwarf radii.
• the dependence of the location of the base of the convective envelope can be also tested by the period (lower middle panel), which is grid independent for the solar [Fe/H] models. Shorter periods correspond to deeper envelopes and lower masses. The best fit is given by the cubic polynomial: CE base (r/R) = −6.06713 + 0.417345P − 0.00866586P • finally the lower right panel shows how the period gives an independent measure of the mean density (cgs units) of the model, which is grid independent for the solar metallicity models and is given by the cubic fit:
< ρ >= 171.970 − 10.7567P + 0.242380P 2 − 0.00182505P Periods of the fundamental radial mode decrease with increasing density, following the period-mean density relation, P ≈ 3π/2γGρ.
Lower metallicities give denser models and shorter periods.
In general, the period increases with increasing mass and, for a given mass, the period increases with increasing metallicity, decreasing α and for models with an atmosphere.
Models with masses larger than 0.30M⊙ can excite not only the fundamental radial mode, but also other modes, being the most frequent the ℓ=2 and ℓ=3, k=0 modes, as shown in Table A3 . For these two modes, the plots in Figure 6 are replicated, but the periods would be shifted with respect to the ℓ=0, k=0 mode by +5 minutes for the ℓ=2, k=0 and by -5 minutes for the ℓ=3, k=0 mode. For the sake of clarity, they are not shown in Figure 6 . If pulsations are observationally found, the mode with largest amplitude is usually the fundamental radial mode, but in the case of multimode pulsators, a modal identification is due, although out of the scope of this paper.
COULD STOCHASTIC MODES BE DRIVEN IN M DWARF STARS?
While our non-adiabatic oscillations code evaluates only thermodynamical effects to assess the overstability of a mode, we still can gain some insight into the theoretical feasibility of stochastically excited modes. These modes are driven by the turbulent motions produced in the convection zones of stars like our Sun. Given that M dwarfs have an outer convection zone or even are completely convective, they have the potential to drive these modes. Following the discussion by Mullan (2010) on the selection mechanism for excited solar modes, namely that a pressure mode can be driven more effectively if its largest antinode is located within the convection zone and in the region of maximum available energy to be invested in sound waves, we computed the flux of the energy in sound waves, Fs, of each model as:
where Fp is the maximum rate at which the kinetic energy per unit volume of granule flow can be released into the surrounding medium from a granule which survives for a The vertical red lines mark its full width at half maximum. If the largest antinode of the rρ 1/2 δr function falls within this region, the mode has the potential to be stochastically excited. For this particular model, modes in the range k= [29, 38] are selected and plotted with dashed lines. The contribution to the energy density rρ 1/2 δr is normalized and then scaled to the Fs maximum. Note that only the 0.2% of the outer fractional radius is plotted.
single convective turnover time, V is the convective velocity, cs is the sound speed and M is the Mach number.
We consider that a mode has the potential to be stochastically excited if:
1/ The last antinode of the rρ 1/2 δr function, which gives the contribution at a given radius to the energy density, is the largest and lies in the convection zone (which is always fulfilled for any of our models) and 2/ The location of this last antinode falls within the full width of half maximum of the acoustic flux. This is the more restrictive condition. We could relax it, if we wanted more modes to survive this cut.
In Table 3 , we summarize the period range of possible stochastically excited modes for solar metallicity models and values of the mixing length parameter α =2. Modes where calculated from ℓ =0 to ℓ =2 up to the cut-off frequency of each model.
We group models with periods larger than 2 min, with the potential of being observationally detectable with short cadence Kepler spacecraft (Borucki et al. 2010) data, and models with periods below 2 min. The bracketed k values correspond to the radial order of excited modes for each model listed under the 'Age' column. The possible stochastically excited modes with periods >2 min correspond to very young models ( 50 Myr).
The location and width of the acoustic flux maximum, Fs, select radial orders in the range from about k =10 for the youngest models to about k =40 for the oldest ones. For each individual model, only about 2 to 10 radial orders are selected. In the table, the maximum value attained by Fs is also given, which gives a flavour of the likelihood of excitation of a mode.
In the case of a solar model, Mullan (2010) showed that differences of up to three orders of magnitude in the Fs function at the location of the solar pressure modes with k =25, Table 3 . Radial orders (k) and period ranges of potentially stochastically excited modes for solar metallicity models and mixing length parameter α=2. The value of the Fs maximum is also given. See the text for more details. 15 and 10 could account for the differences in power observed for those modes. As a comparison, in our study, for the 0.60 M⊙, α =2 models, the maximum values of the Fs function go from 770 to 60 erg cm −2 s −1 for the 1 Myr and 2 000 Myr model, respectively; so although the location and width of Fs certainly has a selection effect of modes, selecting 29 kr 38 for the 2 000 Myr model, its magnitude may not give much room to further culled modes within these high radial orders. This is illustrated in Figure 7 which plots, for that model, the scaled eigenradial displacement function quantity rρ 1/2 δr in the region of maximum Fs, which for all analysed models lies at a fractional radius less than 0.2% from the surface. For clarity, only the ℓ = 2 modes are plotted, although similar plots were obtained for other ℓ's.
We have done the same analysis for the solar metallicity α =1 model grid. In general, periods are somewhat longer, Fs values are lower and similar k are selected.
Regarding the observational detectability of the stochastic modes, to be able to detect those with periods ≃2 min, exposure times of a maximum of half the period, i.e. ∼1 min, but preferably shorter, are needed. Kepler spacecraft short cadence data have exposure times of 58.85 s which place the expected oscillation period around the Nyquist frequency, where the short cadence data have at least four spurious frequencies. All this, added to the intrinsic faintness of the objects and the expected low amplitude oscillations, makes the observational detection a real, but 'should-be-taken', challenge.
Models with periods >2 min correspond to very young M dwarfs ( 50 Myr) still in their pre-Main Sequence contraction phase. They may lie in stellar formation regions and be embedded in dust and gas, which may render them undetectable to optical studies from the ground. These pulsation searches could make an optimal case for the James Webb Space Telescope 1 which is being designed to operate mainly in the infrared and having as one of its scientific cornerstones peering into star forming regions to study star and planet formation or to the high resolution spectrograph HIRES on the E-ELT (Maiolino et al. 2013) .
If observationally detected, there would be no confusion between stochastically or thermodynamically excited modes: in the 20-40 min range stochastically excited modes correspond to very young models, still in the contracting phase, while young models thermodynamically excited by the ǫ mechanism have much longer periods. If models are on the main sequence, stochastic oscillations have periods shorter than two minutes, impossible to be mistaken for thermodynamical excitation.
DISCUSSION AND CONCLUSIONS
We present a pulsation analysis of M dwarf models in the 0.10 to 0.60 M⊙ range with different parameters of mixing length, metallicity and treatment of outer boundary condition. We find excitation of the fundamental radial mode as well as non radial p-and g-modes close to the fundamental one. The excitation mechanisms at work to drive the oscillations are the ǫ mechanism linked to nuclear burning of D or He 3 and convective flux blocking at the tachocline for partially convective models.
We give a useful guide for observers to the sampling times needed to detect the pulsations or, in case of the exoplanetists, to be avoided to conceal the pulsation signatures in the light curves to search for planets. Unstable modes can be found in the period range from 20 min to 11 h depending on the grid, mass and evolutionary stage of the model.
We also show how from the pulsation period an independent measure of spectroscopic quantities such as effective temperature, log g and luminosity can be obtained; but most important independent measures of mass, radius, mean density and size of the convective envelope. Moreover, the precise knowledge of the pulsation period, together with an accurate spectroscopic determination of the effective temperature may be enough to constrain the ad-hoc mixing length parameter α, metallicity and outer boundary conditions.
Only with the observational detection of pulsations can an instability strip be further refined, by building a dense grid of models in the vicinity of the spectroscopic box of physical parameters determined for a particular object of interest. As the effect of the different mixing length parameter, metallicity or even the use of atmosphere boundary 1 http://webbtelescope.org/webb telescope/ conditions in frequency spectra is subtle, only by comparing theory and observations can we get reliable answers to the real values of these parameters.
Our team pursues the detection of theoretically predicted pulsations in M dwarfs from fast time-series spectroscopy using the high-resolution echelle spectrograph HARPS 2 . The high precision attainable, under 1 m/s using data analysis software like HARPS-TERRA (Anglada-Escudé & Butler 2012) would enable the detection of low amplitude oscillations in M dwarfs if they are observable.
Another optimum instrument to search for pulsations around M dwarfs is the high resolution optical and near infrared spectrograph CARMENES (Quirrenbach et al. 2012) whose expected first light is 2015. It is primarily designed to search for Exo-Earths around M dwarfs, but one of the secondary scientific cases is the search for oscillations around M dwarfs.
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